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Abstract
The strong collision model is used to calculate spin relaxation of a muon or polarized radioactive nucleus in
contact with a ﬂuctuating environment. We show that on a time scale much longer than the mean time between
collisions (ﬂuctuations) the longitudinal polarization decays exponentially with a relaxation rate equal to a sum of
Lorentzians- one for each frequency component in the static polarization function ps(t).
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1. Introduction
In their classic paper on zero ﬁeld μSR Hayano et al [1] introduced a strong collision model to determine the time
evolution of the muon spin polarization when there are random ﬂuctuations in a local magnetic ﬁeld acting on the
muon. Since then the strong collision model has been used extensively to model the spin dynamics of the muon or
muonium interacting with its environment. The basic idea is that the muon polarization evolves according to a static
spin Hamiltonian and initial density martix until there is a collision. At the time of the collision any polarization
transfered to the environment (e.g. surrounding nuclear spins) is lost. In other words that part of density matrix asso-
ciated with the environment is reset to its initial unpolarized state. After the collision the muon polarization continues
to evolve as at t=0 but with a reduced amplitude. This is illustrated in Fig. 1 for the simplest case where the static
polarization has a single cosine oscillation. The main advantage of this model is its simplicity which allows one to
dynamicize any static muon polarization function. One drawback is that the resulting dynamic polarization, obtained
by appropriate averaging of the collision times, involves a Laplace transform which must be solved numerically with
no general analytic solution.
2. Strong Collision Model in the Long Time Limit
We are interested in the dynamic polarization on a time scale long compared to the time between collisions and in
a longitudinal magnetic ﬁeld. One begins by calculating a static polarization function ps(t) which is proportional to
the expectation value of z-component of spin of the probe in the absence of collisions:
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Figure 1: (a) Time evolution of the longitudinal polarization for the strong collision model when the static polarization has a single frequency
ps(t) = 1− a+ a cos(ωt). After each collision the polarization restarts as at t = 0 but with a reduced amplitude. The upper panel (a) shows the slow
ﬂuctuation limit when ν << ω and the relaxation rate is 1/T1 ≈ aν . The bottom panel (b) shows the opposite limit when 1/T1 ≈ aω2/ν. Taken
from [2].
ps(t) =
〈Iz〉
I
=
∑
jk
〈 j|ρ(0)〉〈ρ(0)|k〉〈 j|Iz|k〉 exp[−iω jkt] (1)
where  j are energy eigenstates of the spin Hamiltonian such that H||〉 = |||〉, ρ(0) is the initial density matrix and
ω jk = ( j − k)/ are the allowed transition frequencies between eigenstates.
Our central assumption is that all information about the environment is lost at the time of a collision so that
part of the density matrix associated with the environment is reset to its initial unpolarized state. This implies that
immediately after the ﬁrst collision at time t1 the dynamic polarization P(t) = ps(t1)ps(t − t1) restarts and evolves as
at t = 0 but with a reduced amplitude. There is an implicit assumption the form of the density matrix does not change
after many collisions. This is always true for a spin 1/2 particle where ρ = 1/2 + pIz , where p is the polariation,
but remains an assumption if I > 1/2. Thus after each collision a small amount of polarization is lost as shown
schematically in Fig. 1. More generally the static polarization can be written as a sum of cosines:
ps(t) =
∑
i
ai cos[ωit] (2)
Our main result comes from the assertion after many collisions the rate of change in the dynamic polarization P(t)
is proportional to P(t) with a time independent proportionality constant equal to the spin relaxation rate:
dP(t)
dt
= P(t)ν〈1 − ps〉 (3)
where ν is the collision rate and
〈1 − ps〉 = 1 − ν
∫ ∞
0
exp[−νt]ps(t)dt (4)
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is the fractional loss in polarization after each collision (including the ﬁrst one). Carrying out the integration leads to
a spin relaxation rate which is a sum of Lorentzians:
1/T1 ≡ 1P(t) ×
dP
dt
= ν
∑
i
ai
ω2i
ω2i + ν
2
(5)
The interpretation is simple. Each frequency in the static polarization function contributes one Lorentzian to the
expression for 1/T1. For a ﬁxed magnetic ﬁeld the contribution to 1/T1 from any frequency ωi peaks at a value of
aiωi/2 when ν = ωi. This is the familiar T1 minimum eﬀect from NMR except in this case one has multiple peaks.
However if the peaks are broad and unresolved one would typically observe a single T1 minimum at some intermediate
value of ν (see Figs. 2c and 2d). Since the ﬁeld is being applied along the initial polarization direction the oscillation
amplitudes, ai , decrease as 1/B2 in high ﬁeld so the resulting peaks in 1/T1 peak decrease roughly as 1/B . The
exception for this is near level crossings. Similarly the ﬁeld dependence of 1/T1 for a ﬁxed value of ν will fall as 1/B2
in high magnetic ﬁelds, again with the exception of being near a level crossing.
3. Example of 8Li+ in contact with a single 207Pb
As an example consider a system consisting of a single polarized 8Li+ next to a single unpolarized spin 1/2 207Pb
nucleus which are coupled through a magnetic dipole interaction with strength ωd = 3600 s−1 corresponding to a
dipolar ﬁeld of about 1G on the 8Li+. The resulting spectrum of frequencies is shown in Figs. 2a and b in 10G
and 100G respectively and for three orientations of the applied ﬁeld. Note the spectrum is more complicated in low
ﬁeld. However, in a high ﬁeld, where the dipolar interaction is a small perturbation, the frequencies are close to
ωPb − ωLi, ωLi and ωPb + ωLi with amplitudes which depend on orientation. The bottom two panels show the spin
relaxation rate versus collision rate for 10G and 100G respectively. Note the peaks in each case are due to a multiple
T1 evident from Eq. 5.
The data points in Fig. 3 are the spin relaxation rate of 8Li+ measured in Pb as function of magnetic ﬁeld. In this
case the ﬂuctuations originate from T2 and T1 processes between host 207Pb spins (22% abundant). The curves are
simulations using Eq. 5 for diﬀerent orientations of the applied ﬁeld with respect to the internuclear direction. Note
the 1/B2 ﬁeld dependence which is a basic characteristic of the strong collision model in the slow ﬂuctuation rate.
4. Conclusions
In conclusion we have shown that the strong collision model can be used to calculate spin relaxation rate in the
long time limit i.e. after many collisions. The form of the relaxation rate is particularly simple consisting of a sum of
Lorentzians – one for each frequency in the static polarization function in a longitudinal ﬁeld. This may be a useful
way in β-NMR and μSR to model ﬂuctuations in the local environment.
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Figure 2: (a) Static frequency spectrum for 8Li+ interacting with a single spin 1/2 207Pb nucleus though a dipole coupling with a strength ωd =
3600s−1 for various angles between the applied ﬁeld and the internuclear direction. (b) same but at 100G. The amplitudes for θ = 54 deg and 90 deg
have been multiplied by a factor of 5. Panels (c) and (d) shows the spin relaxation rate versus the collision rate at 10G and 100G respectively.
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Figure 3: Magnetic ﬁeld dependence of the spin relaxation rate of 8Li+ in Pb as function of magnetic ﬁeld. Fluctuations in the nearest neighbor
207Pb spins originate from host nuclear T1 and T2. The curves are simulations using the strong collision model for diﬀerent orientations of the
applied ﬁeld with respect to the internuclear direction.
